Model-independent constraints on cosmic curvature: implication from
  updated Hubble diagram of high-redshift standard candles by Liu, Yuting et al.
ar
X
iv
:2
00
8.
08
37
8v
1 
 [a
str
o-
ph
.C
O]
  1
9 A
ug
 20
20
Draft version August 20, 2020
Preprint typeset using LATEX style emulateapj v. 12/16/11
MODEL-INDEPENDENT CONSTRAINTS ON COSMIC CURVATURE: IMPLICATION FROM UPDATED
HUBBLE DIAGRAM OF HIGH-REDSHIFT STANDARD CANDLES
Yuting Liu1, Shuo Cao1∗, Tonghua Liu1, Xiaolei Li2, Shuaibo Geng1, Yujie Lian1, Wuzheng Guo1
1. Department of Astronomy, Beijing Normal University, Beijing 100875, China; caoshuo@bnu.edu.cn
2. Department of Physics, Hebei Normal University, Shijiazhuang 050024, China
Draft version August 20, 2020
ABSTRACT
The cosmic curvature (Ωk) is a fundamental parameter for cosmology. In this paper, we propose
an improved model-independent method to constrain the cosmic curvature, which is geometrically
related to the Hubble parameter H(z) and luminosity distance DL(z). Using the currently largest
H(z) sample from the well-known cosmic chronometers, as well as the luminosity distance DL(z) from
the relation between the UV and X-ray luminosities of 1598 quasars and the newly-compiled Pantheon
sample including 1048 SNe Ia, 31 independent measurements of the cosmic curvature Ωk(z) can be
expected covering the redshift range of 0.07 < z < 2. Our estimation of Ωk(z) is fully compatible with
flat Universe at the current level of observational precision. Meanwhile, we find that, for the Hubble
diagram of 1598 quasars as a new type of standard candle, the spatial curvature is constrained to be
Ωk = 0.08±0.31. For the latest Pantheon sample of SNe Ia observations, we obtain Ωk = −0.02±0.14.
Compared to other approaches aiming for model-independent estimations of spatial curvature, our
analysis also achieves constraints with competitive precision. More interestingly, it is suggested that
the reconstructed curvature Ωk is negative in the high redshift region, which is also consistent with
the results from the model-dependent constraints in the literature. Such findings are confirmed by
our reconstructed evolution of Ωk(z), in the framework of a model-independent method of Gaussian
processes (GP) without assuming a specific form.
Keywords: cosmological parameters – cosmology: observations
1. INTRODUCTION
The spatial curvature of the Universe, i.e., whether
the space of our Universe is open, flat, or closed is one
of the most fundamental issues in particle physics and
modern cosmology. Its value, or even its sign, is closely
related to the fundamental Copernican principle assump-
tion and the Friedmann–Lemaˆıtre–Robertson–Walker
(FLRW) metric (Qi et al. 2019a; Cao et al. 2019a), an
exact solution of the Einstein’s equations obtained un-
der the assumption of homogeneity and isotropy of space.
Meanwhile, a possible detection of a nonzero curvature
also bears important information of many important
problems such as the evolution of our early universe
(Ichikawa et al. 2006; Clarkson, Cortes & Bassett 2007;
Gong & Wang 2007; Virey et al. 2008; Cao et al. 2019b),
as well as the accelerating expansion of the late-time uni-
verse, which is supported by the observations of Type Ia
suernovae (SNe Ia) (Riess et al. 1998; Perlmutter et al.
1999) in combination with independent estimates of cos-
mic microwave background (CMB) (Ade et al. 2016),
ultra-compact structure in intermediate-luminosity radio
quasars (Cao et al. 2017a,b), and strongly gravitation-
ally lensing systems (SGL) (Cao & Zhu 2012a; Cao et al.
2012b, 2015; Ma et al. 2019a). Let us note that, although
a spatially flat universe is favored at very high confi-
dence level by the current popular observations (espe-
cially the latest Planck-2016 results of CMB (Ade et al.
2016)), the previous measurements of cosmic curvature
are indirect and model-dependent, which strongly de-
pend on a specific model for dark energy (e.g., the cosmo-
logical constant Λ) (Di Valentino, Melchiorri & Silk
2020). However, considering the strong degeneracy be-
tween the spatial curvature and the dark energy equation
of state, model-independent estimation for the spatial
curvature from different popular probes has been per-
formed in the literature (Qi et al. 2019b).
The most straightforward technique to constrain
the cosmic curvature is by confronting the theoreti-
cal Hubble diagram (reconstructed by the Hubble pa-
rameter measurements) with the observed luminosity
distances to the objects whose redshifts are known
(Clarkson, Bassett & Lu 2008). This test has been fully
implemented with updated observational SNe Ia data
acing as standard candles (Shafieloo & Clarkson 2010;
Mortsell & Jonsson 2011; Sapone, Majerotto & Nesseris
2014; Cai, Guo & Yanget 2016). However, considering
the uncertainty caused by nuisance parameters charac-
terizing SNe Ia light curves (Li et al. 2016c; Wei & Wu.
2017; Wang et al. 2017; Rana et al. 2017), an improved
model-independent test of cosmic curvature to z ∼ 3.0
has recently performed with ultra-compact structures
in radio quasars as standard rulers (Cao et al. 2019b).
Meanwhile, Takada & Dore´O. (2015) proposed that the
combined radial and angular diameter distances from
the BAO can be used to constrain the curvature pa-
rameter, with the achievable accuracy of such Ωk mea-
surement at ∆Ωk ∼ 10−3. Another method was also
put forward to carry out test in the framework of
the sum rule of distances along null geodesics of the
FLRW metric, by employing strong lensing observa-
tions (Einstein radius or time delays) and supernova
distance measurements (Ra¨sa¨nen, Bolejko & Inogueno
2015; Denissenya, Linder & Shafieloo 2018). More re-
cently, such method has been applied to a latest
data set of strong lensing systems in combination with
2intermediate-luminosity quasars calibrated as standard
rulers (Qi et al. 2019b). It is interesting to note that,
considering the cross-correlation between foreground
mass and gravitational shear of background galaxies, the
assumed lens model has a considerable impact on the cos-
mic curvature constraint, which slightly favors a spatial
closed Universe. In addition, some recent studies have
also discussed the possibility of extending the above anal-
ysis to the simulated data of gravitational waves from
future gravitational wave detectors, which can be con-
sidered as standard siren to provide the information of
luminosity distance (Jime´nez 2018).
In this paper, we will focus on a method that ac-
tually delivers estimations of the curvature parameter
at different redshift (Clarkson, Cortes & Bassett 2007),
using the current observations of standard candle data
(quasars, SNe Ia) and standard clock data (Hubble pa-
rameters H(z) inferred from cosmic chronometers).We
firstly reconstruct the function of luminosity distance
with respect to redshift z from two different standard
candle data, depending on the parameters characteriz-
ing the non-linear relation between the X-ray and UV
luminosities of quasars, as well as the light-curve fit-
ting parameters from SNe Ia sample. Next, with the
Hubble parameter measurements taken into considera-
tion, we directly transform the above observations to
Ωk at different redshift, and thus achieve cosmological
model-independent constraints on the spatial curvature.
Compared with the previous works, measurements of Ωk
from observations at different redshift could not only
achieve a stringent measurement of the spatial curva-
ture in a direct geometric way, but also call into doubt
the FLRW metric and cosmic homogeneity and isotropy
(Denissenya, Linder & Shafieloo 2018; Qi et al. 2019a;
Cao et al. 2019a). It is clear that, for the purpose of
implementing the method of Clarkson, Cortes & Bassett
(2007), it would be beneficial to use distance probes cov-
ering higher redshifts thus taking advantage of larger
sample of H(z) observations. For H(z) data, it can
be derived from differential ages of galaxies [“cosmic
chronometer (CC)”] and the radial baryon acoustic
oscillation (BAO) scale in the galaxy distribution 1.
In this analysis, we update the largest distance data
through the Hubble diagram of 1598 quasars (z < 5.100)
(Risaliti & Lusso 2018) and the Pantheon catalog of 1048
SNe Ia (z < 2.3) (Scolnic et al. 2018), based on which the
cosmic curvature at each specific redshift (corresponding
to the redshift of each Hubble parameter measurement)
could be directly obtained. When the latest quasar sam-
ple is used, the spatial curvature is constrained to be
Ωk = 0.08 ± 0.31. For the Pantheon SNe Ia, we ob-
tain Ωk = −0.02 ± 0.14. These results, in the context
of model-independent estimations for spatial curvature,
consistently favor a spatially flat Universe. Finally, we
use the model-independent method Gaussian processes
(GP) to reconstruct the evolution of the curvature of the
universe. Our results indicate that a better quality of
the observational data sets are also required to detect a
tiny cosmic curvature more precisely, which will be also
discussed in this paper.
1 Note that the expansion rate measures obtained from BAO
observations are possibly dependent on the assumed fiducial cos-
mological model.
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Figure 1. The scatter plot of the X-ray and UV fluxes for 1598
quasars.
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Figure 2. The scatter plot of the 1048 SNe Ia Pantheon sample.
The red point denotes the apparent magnitude for each SNe Ia,
with its 1-σ confidence level (yellow bar).
This paper is organized as follows. In Sec. 2, we give a
brief introduction of the theoretical method and the data
used in this work. Sec. 3 investigates the constraints
these data put on the cosmic curvature. Finally, the
conclusions are presented in Sect. 4.
2. METHOD AND OBSERVATION DATA
It is well known that in the FLRW metric, the lumi-
nosity distance DL(z) can be expressed as
DL(z)=
c(1 + z)
H0
√
|Ωk|
sinn
[√
|Ωk|
∫ z
0
dz′
E(z′)
]
, (1)
where H0 denotes the Hubble constant
2, c is the
speed of light, and E(z) = H(z)/H0 is the dimension-
less Hubble parameter. The curvature parameter Ωk
is related to the dimensionless curvature K as Ωk =
−Kc2/a20H
2
0 , where a0 is the present value of the scale
factor, and K = +1,−1, 0 corresponds to closed, open,
and flat universe. For convenience, we denote sinn(x) =
sin(x), x, sinh(x) for Ωk < 0, = 0, > 0, respectively.
2 In this work, we adopt the prior of the Hubble constant H0 =
67.36± 0.54 km/s/Mpc from the latest Planck CMB observations
(Ade et al. 2016).
3The derivative of Eq. (1) will generate the cosmic curva-
ture Ωk, which can be directly determined by using the
Hubble parameter and transverse comoving distance as
(Clarkson, Cortes & Bassett 2007)
Ωk =
[H(z)D′(z)]2 − c2
[H0D(z)]2
, (2)
where H(z) is the expansion rate at redshift z. The lu-
minosity distance DL(z) is simply related to the trans-
verse comoving distance D(z) as D(z) = DL(z)/(1 + z)
(Hogg et al. 1999), while D′(z) = dD(z)/dz denotes the
derivative with respect to redshift z. Thus we should use
current observational data sets to reconstruct D(z) and
D′(z), independently, and combine these two reconstruc-
tions with independent H(z) measurements to derive Ωk.
2.1. Distance from quasars and type Ia supernovae
observations
As the brightest sources in the universe that can be
observed up to redshift z ∼ 8.0, quasars (Mortlock et al.
2011; Ban˜ados et al. 2018) have long been considered as
potential candidates for extending the distance far be-
yond the limits imposed by supernovae (z ∼ 2.0). Dif-
ferent form the fundamental property of the cosmologi-
cal standard candle (standardized luminosity), the non-
linear relation between the X-ray and UV luminosities of
quasars can be parameterized as a linear dependence
log10(LX) = γ log10(LUV ) + β, (3)
where LX and LUV are the rest-frame monochromatic
luminosities at 2keV and 2500A˚, while γ and β denote
the slope parameter and the intercept. Based on the well
known flux – luminosity relation, the non-linear relation
between the X-ray and UV fluxes of quasars can be writ-
ten as
log10(FX) = γ log10(FUV )+2(γ−1) log10(DL)+β
′
, (4)
where DL is luminosity distance, FX and FUV rep-
resent the X-ray and UV flux, and the intercept is
rewritten as β
′
= (γ − 1) log10(4π) + β. One may
clearly see that such relation could provide a poten-
tial cosmological probe, i.e., if there is no redshift evo-
lution of the relation, the observed X-ray flux is a
function of the observed UV flux, the redshift, and
the luminosity distance. Therefore, relevant cosmolog-
ical parameters can be inferred by fitting this relation
to different quasar samples with multiple observations
available (Risaliti & Lusso 2015; Lusso & Risaliti 2016;
Risaliti & Lusso 2017; Lusso & Risaliti 2017).
In this paper, we use the newly-built Hubble diagram
of quasars from a parent sample of 7237 sources, covering
the redshift range of 0.036 < z < 5.100 (Risaliti & Lusso
2018). Note that three “Cleaning” criteria are used to
derive the final 1598 sources from the parent sample, in
the framework of three filters including X-ray absorp-
tion, observational contaminants in the UV, and Ed-
dington bias. The final sample is built merging five
groups of quasars: 791 sources from the SDSS-DR7 sam-
ple, 612 sources from the SDSS-DR12, 102 sources from
XMM-COSMOS, 18 sources from the low-redshift sam-
ple (Swift), 19 sources from Chandra-Champ, 38 sources
from the high-z sample (z > 4), and 18 sources from the
new z ∼ 3 sample (XMM-Newton Very Large Program).
The final results indicated that such refined quasar sam-
ple could effectively mitigate the large dispersion in the
LX−LUV relation, with more accurate slope determina-
tion γ = 0.633± 0.002 and smaller dispersion δ = 0.24.
With a tractable amount of scatter avoiding possible con-
taminants and unknown systematics, a Hubble diagram
of quasars could provide new measurements of the cos-
mic expansion at higher redshifts (z < 5.10), which has
never been explored by any other cosmological probes.
The scatter plot of 1598 quasars is shown in Fig .1, using
the most recent QSO compilation from Risaliti & Lusso
(2018). Note that in this analysis, we will treat the slope
γ and the intercept β as two nuisance parameters. The
intrinsic dispersion is also taken as a free parameter σint
contributing to the intrinsic scatter.
To reconstruct D(z), we use SNe Ia Pantheon data
set released by the Pan-STARRS1 (PS1) Medium Deep
Survey, which contains 1048 SNe Ia data ranging from
0.01 < z < 2.3 (Scolnic et al. 2018). Compared with the
previous SNe Ia samples extensively discussed in the pre-
vious works, i.e., high-z data (z > 1.0) from the SCP sur-
vey (Suzuki et al. 2012), the GOODS (Riess et al. 2007)
and CAN-DELS/CLASH surveys (Rodney et al. 2014;
Graur et al. 2014; Riess et al. 2017), the Pantheon cata-
logue extends the Hubble diagram to z = 2.26, with the
combination of the subset of 279 PS1 SNe Ia (Rest et al.
2014; Scolnic et al. 2014) (0.03 < z < 0.68) and useful
distance estimates of SNe Ia from SDS, SNLS, various
low-z and HST samples (Scolnic et al. 2018). The ob-
served distance modulus of each SNe is given by
µ = mB −MB + α ·X1 − β
∗ · C +∆M +∆B, (5)
where mB is the apparent B -band magnitude, MB is
the absolute B -band magnitude, C is the color param-
eter quantifying the relation between luminosity and
color, and X1 is the light-curve shape parameter quan-
tifying the relation between luminosity and stretch.
Note that distance corrections based on the host-galaxy
mass (∆M) and predicted biases from simulations (∆B)
are also taken into account. Based on the new ap-
proach called BEAMS with Bias Corrections (BBC)
(Kessler & Scolnic 2017), the nuisance parameters in
the Tripp formula (Tripp 1998) were retrieved and the
observed distance modulus is simply reduced to µ =
mB−MB. We transform the distance modulusmB−MB
given in the data set to DL using
DL(z) = 10
µ(z)/5−5(Mpc) (6)
Following the strategy of Scolnic et al. (2018), six sources
of uncertainties are included in the distance modulus in
Pantheon dataset, i.e., the uncertainty from the photo-
metric error (σN), the mass step correction (σMass), the
distance bias correction (σBias), the peculiar velocity un-
certainty and redshift measurement uncertainty (σµ−z),
the lensing uncertainty due to the LOS mass distribu-
tion (σlens), and the intrinsic scatter (σint). For this
analysis, the total statistical uncertainty is modeled as
σ2SN = σ
2
N + σ
2
Mass + σ
2
µ−z + σ
2
lens + σ
2
int (Scolnic et al.
2018). The Pantheon SNe Ia sample and the above
error strategy has been widely applied to place strin-
gent limits on cosmological parameters (Qi et al. 2018),
provide accurate measurements of the speed of light
4(Cao et al. 2018) and the cosmic opacity at higher red-
shifts (Ma et al. 2019b; Qi et al. 2019c). Moreover, in
Fig. 2, we illustrate the dependence of apparent B -band
magnitude on reshifts, derived from 1048 SNe Ia data
covering the redshift range of 0.01 < z < 2.3.
Obtaining these observational data points of DL(z),
we can use different methods to reconstruct D(z) and its
derivative D′(z). In order to achieve model-independent
estimation for the cosmic curvature, we perform empiri-
cal fit to the luminosity distance measurements, based on
a third-order logarithmic polynomial of Risaliti & Lusso
(2018),
DL(z) = ln(10)c/H0(x+ a1x
2 + a2x
3), (7)
where x = log(1 + z), a1 and a2 are the two constants
that need to be optimized and determined by flux mea-
surements of quasar data and apparent B -band magni-
tudes of SNe Ia data. Then, we carry out the Markov
Chain Monte Carlo (MCMC) method to obtain the best-
fit values and their uncertainties of parameters by using
a Python module called emcee (Foreman-Mackey et al.
2013) 3. For the Hubble diagram of quasar, the param-
eters (γ, β and δ characterizing the LX − LUV relation,
a1 and a2 characterizing the luminosity distance) are op-
timized by minimizing the χ2 objective function
χ2QSO =
1598∑
i=1
[log10(FX)i − Φ([FUV ]i, DL[zi])]
2
σ2QSO
, (8)
where Φ([FUV ]i, DL[zi]) is defined as
Φ([FUV ]i, DL[zi]) = γ log10([FUV ]i)+2(γ−1) log10(DL[zi])+β
′
(9)
The variance σ2QSO = δ
2 + σ2i is given in terms of the
global intrinsic dispersion (δ), and the i-th measurement
error of (FX)i
4. For the Hubble diagram of SNe Ia, the
parameters (MB characterizing the distance modulus, a1
and a2 characterizing the luminosity distance) are opti-
mized by minimizing the χ2 objective function
χ2SNe =
1048∑
i=1
[mobsi −m
th
i ]
2
σ2SNe
, (10)
where σSNe accounts for error in SNe Ia observations
propagated from the covariance matrix (Scolnic et al.
2018). The marginalized probability distribution of each
parameter and the marginalized 2-D confidence contours
are presented in Figs. 3-4.
2.2. The expansion rate measurements H(z)
The expansion rate at any redshifts, i.e., the Hubble
parameter is defined as H(z)=a˙/a, where a denotes the
scale factor and a˙ represents its derivative with respect
to cosmic time t. Jime´nez & Loeb (2002) proposed a
model-independent method to calculate the expansion
rate of the universe by the differential age evolution of
passively evolving galaxies
H(z) =
a˙
a
= −
1
1 + z
dz
dt
. (11)
3 https://pypi.python.org/pypi/emcee
4 Note that the error in [FUV ]i is presumed to be insignificant
(compared with σi and δ), which will be ignored in this analysis
(Risaliti & Lusso 2015).
Figure 3. Marginalized constraints on a1, a2, γ, β and δ in the
Hubble diagram of quasars.
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Figure 4. Marginalized constraints on a1, a2 and M in the Pan-
theon sample.
By measuring the age difference between the two galaxies
at different redshifts, the Hubble parameter H(z) can be
directly obtained from the so-called differential age (DA)
or cosmic chronometer approach (in which one calculates
the value of dz/dt). Actually, H(z) data can also be ob-
tained through the detection of radial baryon acoustic
oscillations (BAO) from galaxy clustering in redshift sur-
veys (Gaztan¨aga, Cabre´ & Hui 2009; Blake et al. 2012;
Busca et al. 2013; Samushia et al. 2013; Xu et al. 2013;
Font-Ribera et al. 2014; Delubac et al. 2015). However,
some recent studies indicated that the expansion rate
measurements obtained from BAO observations are pos-
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Figure 5. The latest measurements of 31 Hubble parameters from
the galaxy differential age method.
sibly dependent on the assumed fiducial cosmological
model and the prior for the distance to the last scattering
surface from CMB observations (Li et al. 2016c). There-
fore, in our analysis, we use only the latest 31 DA H(z)
measurements in the redshift range 0.070 < z < 1.965,
which is compiled and presented in Fig. 5.
Now we combine the reconstructions of D(z) andD′(z)
with H(z) measurements, which can be applied to the
derivation of Ωk(z) in Eq. (2). We stress again that the
cosmic curvature test is model independent, so we need
not assume any cosmological model, and the two data
sets of cosmic chronometers and standard candles are
also independent of each other.
2.3. The Gaussian Processes (GP)
In order to reconstruct the evolution of the cosmic
curvature Ωk(z), the Gaussian processes (GP) method
will be adopted in the following analysis, with which
one can perform a reconstruction of a function and
its derivatives from a given data set without assum-
ing any cosmological models. Such approach, which
was originally proposed by Seikel, Clarkson & Smith
(2012) and extensively applied in various studies in
the literature (Shafieloo, Kim & Linder 2012; Cao et al.
2019a; Qi et al. 2019a; Liu et al. 2019; Wu et al.2020;
Zheng et al. 2020), is particularly useful to describe the
observed data using the distribution over functions pro-
vided by GP. On the assumption that each data point
satisfies a Gaussian distribution and the full observa-
tional data set follows a multivariate normal distribu-
tion, the value of a function f(z) evaluated at a point
z depends on the mean value µ(z) and the covariance
function Cov(f(z), f(z˜))=k(z, z˜). In the framework of
such mathematical formalism, a random function f(z)
without any observations can be generated using the co-
variance matrix from the GP, based on the observational
data and the values of the corresponding slopes at z. For
a set of input points Z = {zi}, one can generate a vector
of function values at Z∗ as
f∗ = N (µ∗,K(Z∗, Z∗)). (12)
Similarly, the observational data can be written as
Y = N (µ,K(Z,Z) + C), (13)
where C is the covariance matrix of the data. Using
the values of y at Z, one can reconstruct the mean and
covariance of f∗ as
f∗ = µ∗ +K(Z∗, Z)[K(Z,Z) + C]−1(y − µ) (14)
and
Cov(f∗) = K(Z∗, Z∗)−K(Z∗, Z)[K(Z,Z)+C]−1K(Z,Z∗),
(15)
Note that the derivative of the function f(z) can also be
calculated through the covariance function.
The crucial task in Gaussian process techniques is to
determine the covariance function, with which one can
derive the quantities at some redshifts at which they have
not been directly measured. In this paper, we focus on
the squared exponential covariance function to correlate
the values of cosmic curvature at the two different red-
shifts (z and z˜):
k(z, z˜) = σ2fexp(−
(z − z˜)2
2ℓ2
), (16)
Here ℓ quantifies the characteristic length in x-direction
to get a significant change in f(z), whereas σf de-
notes the corresponding typical change in the y-direction.
The two hyperparameters (ℓ and σf ) characterizing the
bumpiness of the function can be constrained from the
observational data. It should be pointed out that com-
pared with other choices of covariance functions (the
Mate´rn and Cauchy covariance function), the advantage
of the squared exponential covariance function lies in its
effective reconstruction of the derivative of a function
(Seikel, Clarkson & Smith 2012). Such issue has been
extensively discussed in the recent studies of Zheng et al.
(2020), which also found the insignificant differences be-
tween reconstructions performed with different covari-
ance functions (the Mate´rn, Cauchy, and the squared
exponential covariance function). Therefore, in the fol-
lowing analysis zero mean function and squared expo-
nential covariance function will be applied to obtain the
reconstructed Ωk(z). Such model-independent method
is executed in the publicly available code called GaPP
(Gaussian Processes in Python) 5.
3. RESULTS AND DISCUSSION
By applying the above mentioned procedure to the
quasar distance reconstruction and 31 Hubble parame-
ter measurements, we obtain the results shown in Fig. 6
to determine the Ωk(z) at each point z, which we want to
reconstruct. The uncertainty of these measurements are
calculated from propagated uncertainties of D(z), D′(z)
and H(z). In principle, the function Ωk(z) can be re-
constructed from observations, and the FLRW metric is
ruled out if Ωk(z) is not constant. However, at lower
redshifts, the errors become large due to the poor re-
constructions of D(z) and D′(z) in that region. The
accuracy of these measurements improves with increas-
ing redshift z. In Fig. 6, it is shown that all of the re-
constructed Ωk(z) is consistent with the vanishing cos-
mic curvature within the 1σ limit. Therefore, estimation
of the spatial curvature using H(z) and quasars is fully
compatible with flat Universe at the current level of ob-
servational precision. Then we can give the weighted
mean of the present value of curvature density parame-
ter, based on the most straightforward and popular way
5 http://ascl.net/1303.027
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Figure 6. 31 measurements of the spatial curvature parameter Ωk
and its details (upper right), from the Hubble diagram of quasars
and expansion rate measurements of cosmic chronometer.
of summarizing multiple measurements, i.e., inverse vari-
ance weighting (Cao et al. 2019a)
Ωk =
∑(
Ωk,i/σ
2
Ωk,i
)
∑
1/σ2
Ωk,i
,
σ2Ωk =
1∑
1/σ2
Ωk,i
,
(17)
where Ωk stands for the weighted mean of cosmic cur-
vature and σΩk is its uncertainty. We find that, from
the quasar and cosmic chronometer observations, model-
independent estimation for the spatial curvature is Ωk =
0.08 ± 0.31. This is fully in agreement with the con-
straints obtained from the latest Planck CMB measure-
ments (Ade et al. 2016). Moreover, one issue which
should be discussed is the comparison of our cosmological
results with those of earlier studies done using alternative
probes. More specifically, the precision of this estimation
is comparable to that derived from the current estimation
of the cosmic curvature from the recently compiled set of
120 intermediate-luminosity quasars (ILQSO) observed
in a single-frequency VLBI survey (Cao et al. 2019b;
Qi et al. 2019b). Such conclusion is also well consistent
with the recent analysis of Ra¨sa¨nen, Bolejko & Inogueno
(2015), which discussed constraints on cosmic curva-
ture by combining the strong lensing and supernova dis-
tance measurements, in the framework of another model-
independent test based on the distance sum rule.
When the Pantheon SNe Ia is used, it would increase
chance of finding significantly different Ωk at different
redshifts, in the case when FLRW metric breaks down
on some large scale. The results are shown in Fig. 7.
More importantly, we obtain that the spatial curva-
ture is model independently constrained to be Ωk =
−0.02 ± 0.14, which suggests that there is no signifi-
cant signal to indicate the deviation of the cosmic cur-
vature Ωk from zero at the current observational data
level [H(z) and SNe Ia]. Compared with what obtained
from the quasars, there is an improvement in precision
when the Pantheon SNe Ia is considered, in the context
of model-independent testing of the cosmic curvature.
However, there are several sources of systematics we do
not consider in the above analysis and which remain to
be clarified for this methodology. Specially, it is apparent
that sample incompleteness, which affects the number of
availableH(z) measurements, will also play an important
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Redshift-z
−100
−50
0
50
100
Ω k
1.0 1.5 2.0
0
5
Figure 7. 31 measurements of the spatial curvature parameter
Ωk and its details (upper right), from the Hubble diagram of Pan-
theon SNe Ia sample and expansion rate measurements of cosmic
chronometer
role in the D(z)+D′(z) reconstruction and thus the effec-
tiveness of this model-independent test (A tiny change in
the reconstructed D(z) and D′(z) would result in a very
significant change to the nearby Ωk measurements). In
order to investigate the impact of sample incompleteness
on Ωk estimation, we also carry out the analysis by divid-
ing the full sample into different sub-samples given their
redshifts and fitting a constant Ωk in each subsample.
The redshifts of the H(z) data span from z = 0.07 to
z = 1.965, so we divide the H(z) measurements into five
groups with z < 0.5, 0.5 < z < 1.0, 1.0 < z < 1.5, and
1.5 < z < 2.0. The first group has 19H(z) measurements
with redshifts z < 0.5, the second group has 5 H(z) with
redshifts 0.5 < z < 1.0, the third group has 4 H(z) with
redshifts 1.0 < z < 1.5, and the fourth group contains 3
H(z) with 1.5 < z < 2.0. The cosmic curvature parame-
ter can be obtained as Ωk = 0.34±0.81, Ωk = 0.03±0.38,
Ωk = 0.31± 0.26, and Ωk = −0.22± 0.19 at 68.3% confi-
dence level, respectively. Note that the derived curvature
is negative in the high-redshift region, which is also con-
sistent with the results from the model-dependent con-
straints in the literature (Cai, Guo & Yanget 2016).
Finally, an accurate reconstruction of Ωk(z) can con-
siderably improve our understanding of the inflation
models and fundamental physics (Cai, Guo & Yanget
2016). In order to investigate the evolution of
Ωk(z) without assuming a specific form, a model-
independent method of Gaussian processes (GP)
(Seikel, Clarkson & Smith 2012) can be employed to re-
construct the cosmic curvature from the observational
data straightforwardly, without any parametric assump-
tion regarding the cosmological model. Fig. 8 shows
the Ωk parameter as a function of redshift for the two
different cases, derived from the combined data sets of
H(z)+QSO (upper) and H(z)+SNe Ia. One could note
that a universe with zero curvature (spatially flat ge-
ometry) is strongly supported by the available observa-
tions. This is the most unambiguous result of the current
data sets. Moreover, the accuracy of these measurements
strongly depend on redshift z and the quality of the ob-
servational data, including the Hubble parameter mea-
surements, quasar and SNe Ia sample. We expect that
as the precision of the future data improves, especially at
higher redshifts, our approach will yield an even more ac-
7curate determination of Ωk. Interestingly, although the
constraint by using quasars flux measurements data has
not obvious improving compared to using SNe Ia, it help
us have a deeper understanding of the cosmic curvature
at earlier stage of the universe. Such issue has been ex-
tensively discussed in many previous works (Cao et al.
2019b; Qi et al. 2019b).
4. CONCLUSIONS
In this paper, we have used a new model-independent
method to test the cosmic curvature, based on the
current H(z) observations from the well-known cosmic
chronometers, as well as the luminosity distance DL(z)
from the relation between the UV and X-ray luminosi-
ties of quasars (Risaliti & Lusso 2018) and the newly-
compiled SNe Ia data (Pantheon sample) (Scolnic et al.
2018). Our results show that 31 independent measure-
ment of the cosmic curvature can be expected covering
the redshift range of 0.07 < z < 2 and the approach initi-
ated in Clarkson, Cortes & Bassett (2007) can be further
developed. Firstly, we reconstruct a function of lumi-
nosity distance DL(z) and its derivative D
′(z), with the
currently largest compilation of two types of standard
candles (quasars and SNe Ia). In order to dodge the
reliance on any assumptions of cosmological model, we
directly derive the Hubble diagram of standard candles
from a third-order logarithmic polynomial, with its un-
determined coefficients simultaneously fitted with other
nuisance parameters (which characterizes the LX −LUV
relation of quasars and the light curve of SNe Ia). Then,
one can calculate the curvature parameter Ωk using ex-
pansion rate H(z) measurements obtained from a sample
of cosmic chronometers observations.
By applying the above mentioned procedure to the
QSO+H(z) and SNe Ia+H(z) observations, we have
shown that all of the calculated Ωk(z) is consistent
with the vanishing cosmic curvature within the 1σ limit.
Therefore, our estimation of the spatial curvature is fully
compatible with flat Universe at the current level of
observational precision. We find that the spatial cur-
vature is constrained to be Ωk = 0.08 ± 0.31 when
the quasar and cosmic chronometer observations are
used. Such result in our analysis is improved in preci-
sion, compared to the latest model-independent estima-
tions of the spatial curvature with the distance sum rule
(Ra¨sa¨nen, Bolejko & Inogueno 2015). When the Pan-
theon SNe Ia is considered, more stringent constraints on
the cosmic curvature could be achieved (Ωk = −0.02 ±
0.14), although the mean of the reconstructed curvature
Ωk is negative in the high redshift region, which is also
consistent with the results from the model-dependent
constraints in the literature (Cai, Guo & Yanget 2016).
In order to investigate the evolution of Ωk(z) without
assuming a specific form, a model-independent method
of GP (Seikel, Clarkson & Smith 2012) is employed to
reconstruct the cosmic curvature from the observational
data straightforwardly. Our results show that a universe
with zero curvature (spatially flat geometry) is strongly
supported by the available observations, which is the
most unambiguous result of the current data sets.
Future observations will improve the constraints on the
cosmic curvature. On the one hand, properly calibrated
UV - X-ray relation in quasars has a great potential of
becoming an important and precise distance estimator in
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Figure 8. Gaussian process reconstruction of Ωk obtained from
the combined data sets of H(z)+QSO (upper) and H(z)+SNe Ia
(lower). The blue regions are the 68% C.L. of the reconstructions.
cosmology. A more accurately measured quasar sample
observed by SDSS (Shen et al. 2011; Paris et al. 2017)
and XMM (Rosen et al. 2016), particularly at high red-
shifts, should provide an even more stringent constraint
on Ωk. On the other hand, more accurate measurements
of Hubble parameters may also improve the effectiveness
of our approach in the future. For instance, the Extended
Baryon Oscillation Spectroscopic Survey (eBOSS) will
compile 250,000 new, spectroscopically confirmed lumi-
nous red galaxies, which yield measurements of H(z)
with 2.1% precision (Dawson et al. 2016). These upcom-
ing improvements on the precision of cosmic curvature
estimation will be of great significance for understand-
ing the evolution of the Universe and the nature of dark
energy.
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